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ABSTRACT 


Thp  pep er  it  devided  into  two  parts. 

Ia  part  I  tho  problem  of  radiation  from  a  generio  body  with 
variable  thermal  ooeffioionta  la  ooaaldered  and  a  general  equa 
tion  of  Volterra'a  type  la  derived.  Explloit  expreeaion  le  alao 
given  for  the  spherical  shell,  vhenoe,  as  particular  oase,  (1) 
the  solid  sphere,  (ii)  the  flat  plate,  (ill)  the  indefinite 
body,  oan  be  studied.  Alao  a  pratloal  solution  for  aumerloal 
application  la  devloed. 

Ia  part  II  the  theory  la  applied  to  partioular  lava  of  var£ 
ation  of  thermal  ooeffioieats,  and  the  effeota  of  auoh 
coefficients  la  investigated. 
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INTRODUCTION 

<T«— » >  *■  »■'  |1T— — — 

The  analysis  of  radiative  heat  oonduotisa  problems  has  r e- 
ceived  oonslderabls  attention  In  rsoont  years,  by  reason  of  the 
many  teohnioal  problems  referring  to  it*  However,  none  of  the  so 
lutions  available  In  the  literature  seems  to  be  oomplete,  sinoe, 

In  general,  the  simplified  oase  of  oonstant  thermal  ooefflolents 
(oenduotivlty  and  speolflo  heat)  is  considered .  It  Is  well  knew, 
en  the  oontrary,  that  radiation  is  effioieat  enly  at  very'^fcight 
temperatures,  where  the  effeots  ef  variable  ooefflolents  oanatet 
be  Ignored  •  \ 

This  paper  deals  with  the  applloatiea  te  radlatien  problems  ef 
the  particular  method  ef  analysis  described  la  Ref.  1 • 

The  method  is  based  ea  the  use  ef  Green*  s  function  thresh 
which  it  is  possible  te  reduce  any  heat  oeaduotiea  problem  te  an 
integral  equation  ef  Yol terra's  type.  la  this  latter  the  ealy  lg 
dependent  variable  is  time,  whereas  spaoe  oeerdlaates  are  elimi¬ 
nated. 

la  Ref.  1,  Green's  function  is  determined  for  a  body  ef  whag 
ever  shapes  its  analytical  expression  1st 

v(P,P.;t-A)  ,  fn  U„(P)  U„(P,)  (1) 

where  Un  and  pn  are  the  orthogonal  eigenfunctions  and  the  eigen¬ 
values  ef  the  problems s 


K:  V  U„  ♦  c;  p*  U  ■  0  la  the  solid  volume  Y 

•  n  1  *  n  n 


3U 


'dv 


2L  ,  0 


at  the  boundary  W 


(2) 
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Eq,  (l)f  as  veil  kasva  provides  the  raise  la  temperature  at  P* , 
at  time  t  due  ts  a  unit  heat  pulse  aetUl£  at  I*  ,  at  tine  t  . 

It  should  be  pointed  out  that  the  problem  described  by  (2)  re 
fare  te  the  real  body  s f  the  problem,  but  with  oeastant  thermal 
ooeffioiaats)  It  is  therefore,  a  linear  problem  aad,ata  oertain 
extent,  aa  elementary  oas.  The  lntroduotlea  of  thermal  ooeffl  - 
oieats  variable  with  temperature  oaa  be  however  be  performed  ex¬ 
actly  star tine  from  the  functions  (2),  as  it  will  be  shew*  la  the 
subsequent  numbers* 
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PART  I 

GENERAL  THEORY 


1  -  General  Equations. 

The  heat  oonduotion  equation  for  an  isotropic  body  is,  as  well 
known t  I 


div  [K(T)  grad  T ]  *  C  —■ 


(3) 


Sotting  (seo  also  Rof.  2) 


K(T)  dV 

'  dT 


(4) 


(whero  la  the  conduotivity  at  any  reference  temperature,  f.i., 
the  initial  one),  Eq.  (3)  reduces  tot 


vr. 


c__  jjr 

K  'Dt 


Setting  againt 


c/K 

(‘/K)i 


'  1-1, (T)*  l-l(T') 


the  foregoing  equation  yields t 


(3f ) 


(5) 


K;VT%c,s  c. 


DV 

bt 


(6) 
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where t 


1*eil(T')-|f-  (7) 

It  is  seen,  therefore,  that  the  problems  is  identical  with  that 
ef  oonstant  ooeffioients  (c;  and  ) ,  prerided  that  the  seuroes 
(7)  be  introduced.  The  problem  is,  of  oeurae,  still  non-linear, but 
every  non-linearity  has  been  introduced  Into  the  fiotitious 
sources  q . 

In  radiation  problems,  there  are  also  the  aouroes  arising  from 
heat  losses  at  the  surfaoes.  It  is  assumed,  as  ouatomarily,  that 
suoh  lessee  be  adequately  expressed  byt 

<l(\)*  F(7j  (8) 

where  T^,  denotes  the  temperature  ef  the  generio  point  of  surface 
W  .  It  is  usually  admitted  that  n#  restriction 

is  placed  here,  also  in  view  ef  the  fact  that  ne  simplificatiea 
would  eeour  in  general,  enoe  the  temperature  T'  is  introduced. 

The  temperature  T'  at  any  point  of  the  body  is  them  (Ref.  3) 

T'(P.t) -J*d  A  |  J  v(P,P„;t-A)  <,(P.,*)dV. -J  v(P,  P^.t-A)  F(T;)dW,J.T:  (9) 

where  clV*  is  the  element  surrounding  PH  and  Wv  the  surfaoe  element 
surrounding  Tj  is  the  initial  transformed  temperature,  assumed 
to  be  constant. 

Eq.  (9)  is  the  general  equation  ef  the  problem.  It  is,ef  oeurse, 
non-linear  (its  non-linearities  arise  from  the  form  ef  q  and  F  )• 
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It  la,  havevar,  well  suitable  far  auaarloal  integration,  since  it 
is, an  integral  aquation  in  an  span  Variable,  such  as  time. 

It  is  ala#  seen  that,  once  the  funotlans  describing  the  radi¬ 
ation  meohanisa  ( F1  )  and  the  material  behaviour  and  k(T) )  are 
given,  the  solutiea  is  essentially  depending  en  the  body  shape. 

The  fallowing  Arts,  are  essentially  devoted  to  write  Eq.  (5) 
for  the  most  oommon  shapes,  for  other  shapes,  see  Ref.  2. 


2  -  The  Spherioal  Shell 

Consider  a  spherioal  ahell  of  outer  radius  a  and  inner  radius  aji 
I  let  be  its  thlokness. 

The  eigeaf unotiene  U  for  the  dase  of  radial  flew  are i 


U. 


11*1,2,.. 


V^nfcTi 


i 

a 


l  (10) 


and  the  eigenvalues  pn  t 


UJ 


■J 


(10*) 


(for  the  values  of  Cn  and  cu.  see  Appendix)!  x  is  thenendlaensional 

n  n 

oeerdinate  represented  in  Pig.  1  • 

Pro*  Eqs.  (l)  -  (10),  one  has  nowi 


v(P,Pt;t-A) 


1 _ l  + 

4  JT  c<  a*  fc  1  ♦  £  ♦  P* 
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*  VtcV^-x^lKM]  "5?  )  ‘ 

w*  (t-A)  KyV 


x  e 


(11) 


4»d,  n,  lq.  (9)  la  writtaai 

<*>■[/' [clb-tl'-P)}'- 


2vi^irt  ^"c"  ‘“I".1  ) “*k  vV  $ « *,(t  >l^]“ 


■H) 


"hi1')  |r]x./v  F<T*„»)  [* *  ^s(i-t(i-p)]  t c*. $ 

.  ^  t-4^r(^)1i  (12) 

'imw* r  -J;  ‘ 

lq.  (l2)  ou  ba  furtbavba  aada  naadlaaftalaaali  Sattlagt 


c:»l  c;v 

X. 


Y»  T.' 

u—i—  .  .  z.uIl 

r  Ti  1  Ti 


F(T*,)*UTi4f(Ti 


(13) 


it  la  abtalaadt 


t(1,.)  .J\  [jf{,.(xj  .  2  £„>,„(*.  {,(2  T,')  If}  dx. 
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where  the  fe  Hewing  further  positions  have  been  made* 


?.(*)  *  cl  [ t- x.(l-p)] 

fn(*,  \)*  ~ — ~ - -  C2  cos  (w  x  ♦  tan1  \ cos(<u  x+tan1-^-) 


Eq.  (14)  le  the  required  one.  The  opaoe  variable  x  appearing  1* 
It  le  Merely  a  parameters  more  exaotly,  Eq.  (14)  ylelde  an  Infi¬ 
nite  eet  ef  integral  equatleas  in  the  nniiaiUe, Monels  oorreepondlng 
te  a  value  ef  x  • 


3  -  The  Solid  Sphere. 

The  equation  for  the  eelld  ephere  la  formally  identioalte  (14), 
with  p*0  In  this  oaeev  the  equation  for  the  cun  ie 


tan  uj  *  a;  , 

n  n  f 


and  the  oeeffloiente  C0  f  Cn  are  given  in  Appendix.  The  funotlena 


ifo  f  have  now  the  oxpreeelone  s 


».(*■)  *  <£[•-*]' 


YnW""!—  Cn  [%('•*)]  ‘‘"[".('-s)] 
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4  -  The  flat  Plata* 


far  the  flat  plat®,  ji  - 1  ,  and  <Jn  -nit.  One  haa  tharafare  (App.) 


£(*)  ’  ClBl 

Yn(x)  *  cos  cosnltx,-  cosntx  cosnttx* 


>  08) 


aad  Eq.  (14)  la  written! 

<*>*  [/  [»♦*  £n  ““  ntl  cosntx,.  "  *  l*'‘)]{l,(TTi')||-}^d^ 
-  -  (l  .*!„(«»  ntx) V ) j *  X.  („, 

5  •  Tha  Semi -Indefinite  Salld* 

Eq*  (19)  halda  alao  aa  t-»«*  Haverar,  a  re-arrahgement  af  tha 
•quatlaa  la  neoeasarj,  since  the  oharaotarlatloa  length  s  la  new 
nlaalng. 

With  the  vell-knevn  taohnlqu®  af  Pearler' a  Integral,  Eq.  (19) 
yield at 

-C0b(^)c  ^  T-)]  ♦  zi  (20) 
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vkflt  aav  tha  aoadlaaaalaaal  qu^ntltlaa  art  i 


K 


X 


,  Am  X  it  tha  dlaanalaaal  abaolaaa  aaaputad 
fra  ttl  aurfaaa.  (21) 


y-i 


dlaanaloaal  tint. 


6  -  Tht  Oaaa  tf  Caaatant  DiffwIHlrt 


Whan  ij  *  0  ,  a  f  rtat  aaapllf leatiaa  totura.  Flratly,  tht  tarn 
la  hraokata  Vaalahaaf  aaoondly,  tha  latagral  aquatlaa  aaada  only 
ba  writtaa  at  tha  aurfaoa,  alaoa  tha  aurfaaa  taaparatura  la  dapa§ 
dlac  an  tha  aurfaaa  taaparatora  ltaalf.  Bq.  (14)  baeaaaai 


*(•)-“/  c'«  ^  (22) 


/ 

uhloh  alaa  appllaa,  abYitualy,  far  tha  aolld  aphera  aad  far 
tha  alab.  far  tha  teal -lad  eflalta  aalld,  alaaafi 


(23) 


Sq.  (•)  ylaldai 


■  2  r*  <(t„Ti')  . 

■</»/,  * 


(24) 


WhanT'-T#  1*  ••*  whan  alao  tha  affaota  of  variable  oanduotlj 
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lty  are  ignored,  Eqs.  (21 )  -  (22)  are  substantially  the  same  as 
these  ef  Ref* 3 

Eqs.  (21)  -  (22)  lend  themselves  te  a  straight  muter loal  Inte¬ 
gration.  As  O’-^O  ,  an  asymptetie  selutlea  must  he  devloed  (Ref, 3) 


7  -  Approximate  Selutlea* 

Coming  hack  te  Eq.  (30*  It  Is  seem  that,  lettlagi 

at1  (c/k)l 

dt  ’  (e/K) 


the  same  equatlea  yields  the  eeastnnt  oeeffloleats  smet 


te  whleh,  aooerdiag  te  the  body  shape,  Sqs.  (22)  -  (23)  earn  he  eg 
piled. 

The  latreduetlea  ef  t'  dees  met  take  away,  ef  oeuree,  the  aea- 
linearity  ef  the  preblem,  slaee  the  relationship  between  T'  ami 
t'  la  act  kaswa  (and  Is  met  even  unique,  almoe  It  depeade  an  the 
spaoe-eeerdlmate).  In  radlatlen  problem,  however,  the  highest 
ues  ef  -rr-  are  near  the  surfaoei  this  means  that  the  main  ingen¬ 


ues  ef  -^y-  are  near  the  surfaoei  this  means  that  the  main  inper- 
tanes  la  that  ef  the  seuroae  q  hear  the  well.  A  teed  apprexiue- 
tiea  la  therefore  te  assume l 


KV.) 


■  •*>  'Ktsu  ms  .  v 


(27) 
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-il¬ 


ls  this  way,  th«  prooadura  if  the  oaloulatlan  la  ta  datermina 
Zv  frail  Bis.  (21)  ar  (22),  aad  aa  ta  datarslaa  Tv»  ^(t') 

Eq.  (25)  proYldaa  t'  »  t'  (t  ),  and  Eq.  (2)  T  «T'(rMrT.') 
and  aa  the  preblan  la  fully  aalrad. 
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ILLUSTRATIVE  EXAMPLES 


The  foregoing  theory  has  beta  applied  to  numerical  oases.  Re 
suite  are  oelleotod  in  Figs.  2-3-4-5-6. 

Pigs.  2  and  3  refer  to  the  radiation  of  seni-lnf lnite  solid 
with  thernal  oooffloioat  varying  eooordlng  to  tho  law* 


Pig.  2  gives  the  variation  of  aomdlaenslenal  wall  tomperaturo 
vs.  nondlaensienal  tlao  for  oovoral  values  of  m  and  &  •  The 
influeaoe  of  opoolflo  boat  is  seem  to  be  greater,  in  general,  than 
that  of  oenduetivlty. 

Pig.  3  provides  -  for  tho  earns  oaoo  -  tho  varlatisa  of  sa£ 
faoo  hoot  flow  Versus  tlao. 

Pigs.  4  sad  5  refer  to  the  solid  sphere,  with  lavs  analogous  to 
(a).  Pig.  4  (which  is  of  the  same  typo  of  Pig.  2)  provides  thev£ 
r lot lea  of  wall  temperature  vs.  tine  sad  comparison  is  aado  with 
tho  ease  of  oonstaat  ooeffleioats.  Pig.  5  gives,  for  two  values  of 
aondimensleaal  tines,  tho  spaoe-varlatlea  of  teaporature  in  tho 
spherei  also  hero  comparison  is  made  with  tho  ease  of  oonstaat 
ooeffleioats. 

Pig.  6  refers  to  tho  oase  of  tho  hollow  olliador  (whoso  theory 
has  not  boon  given  la  this  report |  see  Ref.  4).  ‘Rio  heating  eend^ 
tlaas  ares 
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Q  =  h  ( To  -  T  )  la  the  inner  wall 
9  ■  -  t<$  Tj  la  the  eute?  wall 

with  h  aad  T0  girea  la  Pig.  6.  The  preblem  simulates  aa  element 
ef  radiator  §t  a  spaoe  powerplaat.  The  temperature  la  the  hat  side 
are  given  by  the  plot  ef 
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APPENDIX 


1  -  ’7or  a  siherioa'1  shell,  o-’  radius  n  and  thickness  $=a(1"P)  t 
the  eigenvalues  of  the  \rohle::  are  obtains l  as  said  in  Tlef .  4. 
from  the  trasoen  lental  equation; 


tan  0/ 
n 


(I-Pjhp^ 


t,2, 


"here  is  r  root  cOn=0  ,  corresponding  to  the  first  term  of 
r.h.s.  of  Eq.  (if).  The  constants  Cn  of  Eq.  (10)  ore  ohtaine  ! 
through  the  normality  condition; 


/  A  u’  dV  =  1 

which  in  this  case  yields; 


P 


ror  the  solid 


tan  oOn  * 


sphere  ona  has  simply  to  set 

00 

n 

sin^K+tan1— )]  ^  1 

2u)n  ' 


-  0  ,  and  so  t 


n* 
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3  -  For  the  flat  plate,  one  has  sinply  to  set  J3  =  1  ,  and  so: 


tan  0Jn  *  0 


uj  *  nit 
n 


"  =  0,1,2, 


4  -  For  the  semi -indefinite  solid#  let  Eq.  (19)  he  written  with 
dimensional  quantities  X  and  t  and  let  s  approaoh  inf initycBius 


r(x,t)=  c.‘  (t  A>]  [f(TTi)|r] 


66 


£  /Jfr  aA  [,.2  £.  «>  ^  Jf  M).  r; 


As  well  known,  as  &  approaches  infinity,  one  has  to  take 
only  such  values  of  n  ,  for  which  -5-  is  finite  with  the  posi¬ 
tions  (21),  and  letting  furthermore. 


?■ 


Eq.  (20)  is  obtained. 


(S  -0  7C  Jn  ■"  o' 
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SLOSH ARY  OF  5Y  30 LS 

INTRO  iU'JTION  AN  J  PANT  I 


a  -  Ne  lius  of  outer  sphere 
c  -  Specific  heat 

f  -  1  notion  defining  reliction  Nq.  (13)  • 
-  Generic  eigenvalues 
ej  -  Heat  source  intensity 
&  -  Hhell  thickness 

t  -  .Dimensional  time 
t‘  -  Transformed  tine  Nq .  (27)  . 
v  -  Gr-en’s  function 

x  -  Mondi  nensional  co-ordinnte  (Tig.  l) 


C„  -  No  -lplizntion  constants 

1  n 

l-  ^  notions  defining  ra  iintion 


-  Thermal  conductivity 
Points  in  the  tody 
Points  at  the  surface 


-  External  heat  flow 


T  -  Temp  nature 

T'  •  Trnnsforne 1  temperature  Nq.  (4)  . 

U„  -  '"i.ynf unction 
V  -  "Body  volume 
W  -  Tody  surface 
•<  -  Hee  Nqs.  (ij) 

*  'hickness  /  radius 
l  -  Nnissivity 

n  -  function  defining  variation  of  diffusivity 

*  » 

S’  -  Hon  ii.  icnsional  tine 


e  ^  * 
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X 

X 

r 

v 


*  Diffusivity 

-  Time 

-  Nondimensional  time 
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See  Rq.  (15) 
n  -  See  Eq.  (10*) 
V  -  Laplaoe  operator 
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PART  II 

m, s-  exponents  of  laws  lefining  variation  of 
T0  -  Total  temperature 
h  -  Coefficient  of  transmission 
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